Supplementary Material for ” Combinatorial multi-armed bandit: general
framework, results and applications”, by Wei Chen, Yajun Wang, and Yang Yuan.

A. Full proof of Theorem 1

We use the following two well known bounds in our proofs.
Lemma 1 (Chernoff-Hoeffding bound). Let X1, --,X,, be random variables with common support [0,1] and

E[X;] = p. Let Sy = X1+ -+ X,,. Then for all t >0,
Pr[S, > npu+ ] < e/ and Pr[S, <np—1] < e 2/

Lemma 2 (Bernstein inequality). Let Xi,...,X,, be independent zero-mean random variables. If for all 1 <
i <m,|X;| <k, then for allt >0,
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For a given underlying arm i € [m], Let S; g be the set of all bad super arms containing arm 7. We sort all bad

super arms in S; g as S}y, S, ..., Sl.Ké in increasing order of their expected rewards, where K; is the number
of bad super arms containing arm 7. Define
B — . _ J
A" =a-opt, —ru(S;p)- (14)

Thus AL = Abl and A?
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Theorem 1 (restated) The («, 3)-approxzimation regret of the CUCB algorithm in n rounds using an (a, 3)-
approrimation oracle is at most
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where f(-) is the bounded smoothness function.
Our proof depends on the fact that with high probability, the entire process behaves nicely. In other words, the
empirical mean of X; is close to the actual expectation p;.

Definition 1 (Nice process). The process is nice at time horizon t if:
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Lemma 3. The probability that the process is nice at time t is at least 1 — 2mt—2.

Proof. By Chernoff-Hoeffding bound in Lemma 1, for any i € [m],

3lnt
Pr || fiir . — i |> 15
rlnm,u wlzar (15)
t—1
R 3lnt
:ZPr l{“‘i,s—ﬂi |> \/2;Ti,t1:3}‘|
s=1 5
t—1
3lnt
<» P fli,s — i | >
-5 er, | 23}
—3Int 2
<t-2e == (16)

2
The lemma follows by taking union bound on 3. O



We now briefly explain the idea to prove Theorem 1, based on the refinement of the idea used to prove the
simplified regret bound in Eq.(4). In the proof of Eq.(4), we essentially show that if all arms are sufficiently
sampled with respect to Ay, that is, sampled at least (fq(a#))z times, then the sample means are close
enough to their true mean values. As a result, by the monotonicity and bounded smoothness properties of the
expected reward function and by the property of the approximation oracle, we know that the probability that we
hit a bad super arm is very small. On the other hand, in a bad round, if the underlying arms are not sufficiently
sampled with respect to Apin, we incur a regret of Apax. Notice that there is a discrepancy in the analysis, i.e.,
the sufficiency of sampling is defined on Ap,;, while the regret is counted as Ap.x. This makes our analysis of
regret bound in Eq.(4) not tight enough.

In this section, we refine the previous analysis. In particular, for each arm i, it has a series of bad super arms

S}7B7SEB, cee SZ.K]% containing 4, and for each SiB, we define sufficient sampling of ¢ with respect to SLB (or
equivalently with respect to A%!) as i being sampled (f,f(l% times and i’s counter N; being incremented in

these sampled instances, where n is the time horizon. We show that when 7 is sufficiently sampled with respect
to Sﬁ)B, the probability that Sf,B is selected by the oracle is very small. On the other hand, in a bad round when
i’s counter N; is incremented, if ¢ is under-sampled with respect to S£7B7 we incur a regret of at most A%/ for
some j < I. In this way, we reduce the discrepancy between A, and Ap.. to a much tighter A»! and A%J,
which enables us to prove the much tighter bound given in Theorem 1.

Proof of Theorem 1. For variable Tj, let T; ; be the value of T; at the end of round ¢, that is, 7} ; is the number
of times arm ¢ is played in the first ¢ rounds. For variable fi;, let fi; s be the value of ji; after arm 7 is played s
times, that is, ;s = (Z;Zl Xi,j)/s. Then, the value of variable fi; at the end of round ¢ is fi; 1, ,. For variable
fi, let [i; . be the value of fi; at the end of round ¢, and let f1, = (@14, flot, - - - fm,e) be the input vector to the
oracle at round ¢. Then, according to line 6 of Algorithm 1, we have
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For the proof, we maintain counter V; for each arm 4 after the m initialization rounds. Let NN, ; be the value of
N; after the ¢-th round and N; ,,, = 1. Note that ), N; ,, = m. Counters {N;}7, are updated in the following
way.

For a round ¢t > m, let S; be the super arm selected in round ¢ by the oracle (line 7 of Algorithm 1). Round ¢ is a
bad round if the oracle selects a super arm S; € Sg, which is not an a-approximate super arm with respect to the
true mean vector p. If round ¢ is bad, let i = argminjest Nj¢—1. We increment N; by one, i.e., N;; = N; ;1 +1.
In other words, we find the arm 7 with smallest counter in S; and increase its counter. If 7 is not unique, we pick
an arbitrary arm with smallest counters in S;. By definition IV; ; < T; ;. Notice that in every bad round, exactly
one counter in {N,;}7, is increased.

Each time N; gets updated, one of the bad super arms containing ¢ is played. We further divide counter NV; into
more counters {Nil}lli"l, whose value at round n, Nil,n is defined as follows:

Vie K], N, = Y I{S =8 g Nit>Nis1}

t=m-+1

Define ¢,,(A) = 0‘*611%’ i.e., the number of sampling that is considered sufficient for a super arm with reward

A away from the a-approximation with respect to time horizon n. When counter Nil is incremented at time ¢,
ie., Sy = Sf’B and N;+ > N, ;_1, we inspect the value N; ;. Notice that every arm in S; must have been played
at least V; .1 times by round ¢, since in our updating rule we choose the smallest counter value among arms in
S¢ to update, and ¢ is the chosen one. If N; ;1 > £,(A%Y), we say that the bad arm Sf’B is sufficiently sampled.
Otherwise, it is under-sampled. Notice that our definition of sufficient sampling at a time ¢ is with respect to
the value £, (A%!) related to the time horizon n, not the current time ¢. This is a bit different from the proof of
Eq.(4) in the main text, and it is needed in the analysis of the under-sampled case. In our analysis, the time ¢
considered is at most n.



We write as

Nilfluf = Z I{S; = Sf,BaNi,t > Nigo1, Nio1 > £ (A},
t=m-+1

Nt = 3" ISy =8l g, Niy > Nigo1, Niyo1 < £a(A™)]}.

i,n
t=m+1

Then we have N; , =1+ Zle[Ki](Nil)’Zuf + N}%"). Using this notation, the total reward at time horizon n is at
least

neacopt, —E| 0 (A4 Y (N NG At | (18)
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where A®! is for the initialization.

We claim that it is unlikely that a bad super arm is played when all the underlying arms are sufficiently sampled.
More specifically, we have the following claim.

Claim 1. For any time horizon n > m,

E|Y X V| <a-pmt T om (19)

i€[m] l€[K;]

Proof. By the definition of Nf}’fluf , it is sufficient to show that for any n > ¢ > m,

E > ISy =8lp,Nix > Nivo1, Nigo1 > L(A™)}
i€[m],l€[K]
= Z PI‘{St = S£7B7Ni,t > Ni,t_l,Vs c S£7B7Ns,t—1 > én(AZ’l)}
i€[m],le[K]
<(1-B)+2mt 2.

Define A; ; = 4/ 2%172‘: (a random variable since T; ;1 is a random variable) and A; = max{A;; | ¢ € S;}. Define

ABL = \/% (not a random variable).

Let N; indicate the event that the process is mice at time t. Let F; be the event that the oracle fails to produce
an a-approximate answer with respect to input vector &, in round ¢. We have Pr[F}] = E[I{F;}] <1 - 5.

Notice that fi; ¢+ = fl;+ + 2%:1121' We have the following properties.
Ny = Vic [m], i — g >0, (20)
Ny = Vi€ Sy, iy — pi < 2Ay, (21)
Vi € [m],Vl € [K;],{S: = Si 5, Nis > Niy—1,V5 € S, Noy—1 > L (A} = AP > Ay (22)

For any particular ¢ € [m] and [ € [K}], if {M7 -F, S = SfﬁB, Nit> N;—1,Vs € Sy, Ns 1 > En(A“)} holds at



time ¢, we have the following properties:

7 (Se) + F2ASY) >r,(Se) + f(2A) strict monotonicity of f(-) and Eq.(22)

>7g, (St) bounded smoothness property and Eq.(21)

2 - opty, —F; = S, is an o approximation w.r.t

>a -1y, (S)) definition of opt,

>a-r,(S,) = a-opt,. monotonicity of r,(S) and Eq.(20)

So we have

ru(Sig) + f(2A%) > o - opt,. (23)
Since £, (Ab!) = (f,?(l%l))z, we have 2A%! = f=1(AM). /{2L which implies f(2A%') < A%l by the monotonicity

of f(+) and t < n. Therefore, Eq. (23) contradicts the definition of A%! in Eq.(14). In other words,

Vi € [m]Vl € [K;], Pr{Ny,~F;, Se = 5! g, Niw > Nijy—1,Vs € Sy, Neyo1 > (A"} =0
= Pr{N;,—F,3i € m], 3l € [K;], Sy = Sl 5, Niy > Niy—1,¥s € Sy, Nyyo1 > Lo (A} =0
= Pr{3i € [m],3 € [K;],8 = Sl g, Niy > Niy—1,¥s € S, Nyypoq1 > Lo(AP)}

< Pr[F, VN < (1 —B) + 2mt 2 (24)
= Z Pr {St = Sf,B, Ni,t > Nm_l,Vs S St, Ns,t—l > gn(Ai’l)} < (1 — ,8) + th_Q. (25)
i€[m],l€[K;]

The second inequality in Eq. (24) uses the facts that Pr{F;} = (1 — 8) and Pr{-N;} < 2mt~? (Lemma 3). The
left side of Eq. (25) equals the left side of Eq. (24), because the events {S; = Sﬁ)B, Nit>N;—1,Vs € Sy, Ng 1 >
£,(AY)} for all 4 € [m] and [ € [K;] are mutually exclusive, which in turn is because in each round when S; is
bad, only one arm ¢ € S; gets to increment its counter N; and thus IV;+ > N;:_1, and within arm ¢, only one
index [ satisfies S; = Sﬁ}B. O]

Now we consider the bad super arms that are under-sampled when played. For a particular arm i, its counter
N; will increase from 1 to £, (A%%¢). To simplify the notation, set £, (A*?) = 0. (Notice that N; ,,, = 1 for all i.)
Before we go into the details, we discuss the essential idea behind Eqn.(28). We break the range of the counter
N; into discrete segments, i.e., (£,(A%71), £, (A%)] for j € [K;]. Let us assume that the round ¢ is bad and
N; is incremented. Assume N; ;1 € (€, (A%71), £, (A%7)] for some j. Notice that we are only interested in the
case that S; is under-sampled. In particular, if this is indeed the case, S; = Sé’l for some | > j. (Otherwise,
S; is sufficiently sampled based on the counter value N;;_1.) Therefore, we will suffer a regret of A%l < A#J
(Eqn.(26)). Consequently, for counter N; ; in range (¢, (A»~1) ¢, (A%7)], we will suffer a total regret for those
under-sampled arms at most (£, (A%7) — £, (A%=1)) . A% (Eqn.(27)) in rounds that N;, is incremented.

We implement the argument rigorously as follows. For any arm i in {i € [m] | A? . > 0}, we have,

min
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Last inequality comes from the fact that ¢, (z) is decreasing. Notice that by our definition, for arms that
j€m]\{i€[m]| AL, >0}, the counter N; remains one after the initialization. Since they do not contribute
to any regret, we have K; = 0 for all these arms. Therefore, combining with Eq.(19) and Eq.(28), the overall
regret of our algorithm is

Reg;ia,ﬁ(n) <n-a-f-opt, — [a-n-opt, —E Z AR Z Nf,’zuf + Nil”:j”d) CAB
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The theorem follows directly. O

Improving the coefficient of the leading term. In general, we can set fi; = fi; + \/y/(2T;) for some y in
line 6 in the CUCB algorithm. The corresponding regret bound obtained is

L2y [ 2y AN
2 <<f AL et (f‘l(x))2d>+<1+ 2 e—y> R
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What we need is to make sure the term Y, 41 e%—ty in the above regret bound converges. We can thus
set y appropriately to guarantee convergence while improving the constant in the leading term. One way is



setting y = (1 + ¢)Int with a constant ¢ > 1, or equivalently setting fi; = f; + /(1 + ¢)Int/(2T;), so that
1 e =230 7€ < 2¢(c), where ((c) = Y72, &+ is the Riemann’s zeta function, and has a finite
value when ¢ > 1. Then the regret bound is

2-(14c¢)-Inn ; Ai“a"Q'(l—Fc)-lnn
Z A A, —_——d . M A
ie[m]; >0 ( (f_1<A;nin))2 min Aq (ffl(x))g =T> + (2 C(C) + 1) m
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We can also further improve the constant factor from 2(1 + ¢) to 4 by setting f; = fi; + ,/Mt;iﬂnm at the cost

of a second order Inlnn term as in (Garivier & Cappé, 2011), with regret at most

Afax 9. (2Inn +Inlnn)
* /A (f(x))?

min
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dx) +(142lnlnn) - m - Apax.
i€[m],Al . >0

min

This is because Z?:mﬂ ﬁ < j;z ﬁdt <Inlnn when m > e.

Theorem 2 (restated) Consider a CMAB problem with an («, 3)-approximation oracle. If the bounded
smoothness function f(x) =~ -z for some v >0 and w € (0, 1], the regret of CUCB is at most:
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In Theorem 1, when A? . is extremely small, the regret would be approaching infinite. This is not applicable
since the number of samples needed to be sufficient is exceeding the time horizon. In what follows, we prove a
distribution-independent regret bound. The rough idea is, if A?., < 1/4/n, it can only contribute \/n regret at

time horizon n.

Proof. Following the proof of the main theorem, we only need to consider the bad arms that are played when
they are under-sampled. Following the intuition, we need to quantify when A is too small. In particular, we
measure the threshold for A? . based on Nj,, i.e., the counter of arm i at time horizon n. Let {n; | i € [m]}
be a set of possible counter values at time horizon n. Our analysis will then be conditioned on the event that
{Nin = n;}. The catch is, in our analysis for under-sampled super arms, that we only need counting based

arguments will be still applicable under any condition.

For an arm in {i | A%, > 0}, we have

min

n

E[ Y Nt AM [ (N =n} = > Y EM{S, = 8lp, Nig > Nigor, Nipm1 < (DY) | {Nj =y} }-A%
le[K;] t=m+1le[K;]

w/2 ;
ﬂ) , 1.e., £,(A*(n;)) = n;. Now we consider two cases. Case (1): A!

Define A*(nz) = (sz/:i min > A*(ni)

Following the same counting steps as in Eq.(28), we have

A 2 cy2lw] 2
E[ " NEE A | N, =g} < P hn 2y

: (61nn)/2nl /2,
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Case (2): Al

. . w w/2
< A*(n;). Let I* = min{l | A% > A*(n;)}. Notice that AH" < (M) . Since the

n;



counter cannot go beyond n;, we have

E[ Z Nil,’:fnd A {Njn =mn;}] = Z Z E[I{S; = Sf,BaNz‘,t > Nijp—1,Nig—1 < MUNON {Njn =n;}}- AY
le[K;] t=m+1le[K;]
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Airl
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Ax(ns)
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Therefore, Eq.(29) holds in both cases. We then have

E Z Z Nil:;:nd . Ai,l | {ij _ nj} 27 . (6 lnn)w/Z . Z n;—w/Z
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The last inequality comes from Jesen’s inequality and . n; < n. Since the final inequality does not depend on
n;, we can drop the conditional expectation above. The result then follows from Claim 1 and Eq.(18). O

B. CMAB with Clustered Arms

In many applications, multiple arms are clustered and are always played together. For example, in the PMC
bandit problem, all arms (edges) incident to a node in L are always played together; in the influence maximization
bandit problem, all arms (outgoing edges) from the same node are always played together. In this section, we
show how to take advantage of such arm clusters to further improve the regret analysis.

We consider the following CMAB problem with clustered arms. Formally, each cluster C' C [m] contains a set
of simple arms. Denote U as the set of all clusters. Notice that one arm may belong to multiple clusters. We
assume |U| < m. In this setting, each super arm S is a union of several clusters: S = Jgey(s) €, where g(S) is
the set of clusters that forms S. When super arm S is played in round ¢, the outcomes of all arms in the clusters
in S will be revealed.

We will use the same CUCB algorithm with a minor change to the initialization rounds: In the first |U| rounds of
initialization, for each cluster C, we play a super arm S such that C € ¢g(S) and update variables ji; accordingly.

For a given cluster C' C [m], we sort all bad super arms whose cluster set contains C' as S¢ 5, S .-+, 6.4 by
increasing reward. Define
Cj _ j
A% = a-opt, —1.(StB), (30)
AS, = A%l and A, = A®Kc If C does not belong to any bad super arm, K¢ = 0 and set AS, = A, = 0.

— c
Furthermore, define Ayax = maxcey Agax-

Theorem 3. Consider the CMAB problem with the set of clusters U of arms. In n rounds the (a,f3)-
approximation regret of the CUCB algorithm using an («, B)-approzimation oracle is at most

6Ilnn Arax Glnn w2
2 ((fl(AC A+ ., <f1<x>>2dx)+<3+1)'m'A“"*"'

C| Agin>0 min min

Discussion. Comparing with the regret bound in Theorem 1, we are taking the summation over all clusters
instead of all underlying arms. Since we assume |U| < m, intuitively, we could be better off. However, it is not
clear how the Anin’s of the underlying arms and clusters are correlated with each other. When clusters do not



intersect with one another and thus form a partition of the underlying arms, it is straightforward to show that
AL = A, if the cluster C contains the arm i. In this case, the new regret bound of Theorem 3 is a strict
improvement over Theorem 1. The two applications discussed in this paper, i.e., the bandit PMC problem and
the bandit influence maximization problem, belong to this category and thus Theorem 3 could be applied and

obtain improved regret bounds.

Proof. The proof of this theorem is almost identical to Theorem 1. In addition to T;, our analysis requires T¢
which is the number of time cluster C is selected to play. Let T, be the value of T at the end of round n,
that is, Ty, is the number of times cluster C is played in the first n rounds. Let T}, still be the value of T; at
the end of round n, that is, T ,, is the number of times arm ¢ is played in the first n rounds. Since arm ¢ might
be contained in multiple clusters, here T; ,, is larger than T, for any C containing .

For the proof, we maintain counter N¢ for each cluster C' after the U initialization rounds. Let N¢; be the value
of N¢ after the ¢-th round and N¢ | = 1. Note that ) N¢ jy) = [U|. {N¢} is updated in the following way.

For a round ¢ > |U|, let S; be the super arm selected in round ¢. Round ¢ is bad if the oracle selects a super
arm S; € Sp, which is not an a-approximate super arm. If round ¢ is bad, let C' = argming¢ g(sy) Ne—1 and
increment N¢ by one, ie., Not = Nct—1 + 1. In other words, we find the cluster C' with smallest counter in
9(S;) and increase its counter. If C' is not unique, we pick an arbitrary cluster with the smallest counter in g(S;).

By definition N¢ ¢ < T ;. The total number of bad rounds in the first n rounds is )~ N¢ p.

Each time N¢ gets updated, one of the bad arm whose cluster set contains C' is played. We further divide N¢o
into more counters as follows:

Vi€ [Kc), N&, = Z I{S; = St Neyw > Noy—1}
t=|U|+1

Define ¢,(A) = W?}% When counter N/, is increased at time ¢, i.e., S; = S 5, we inspect the counter
Né,t_l. Notice that NlC,t—l is the smallest time that all arms in S; have been played. If No,—1 > én(AC’l), we
call the bad arm Slc’ p is sufficiently sampled. Otherwise, it is under-sampled. We write as

n

Nt = 37 WSi = St New > Nor Newor > 6(A%)),
t=m+1
n

Nt = 3" ISy = Sb g, Now > New—1, Ney—1 < £ (A9}
t=m-+1

Then we have No,, =1+ ElE[KC](Nldf#f + Néjﬁ?d). Using this notation, the total reward at time horizon n is
at least

noa-opt, —E | > (AT Y (Ng 4 NG A9 (31)
Cceu le[K o]

Note that the total sampled time of underlying arms in one cluster will not be smaller than the total sampled
time of that cluster. We claim that it is unlikely that a bad super arm is played when all the underlying arms
are sufficiently sampled. In other words, for a bad super arm, if all its underlying arms are sufficiently sampled,
it should not be played in the first place. More specifically, we have the following claim.

Claim 2. For any time horizon n > m,

2
EIY D Ne | <=8t Gom (32)

CeU l€[K o)



Proof. By the definition of NIC:ST? T it is sufficient to show that for any t > m,

E > S =86p New > Now-1, Now-1 > a(A9H)}
Celm],le[Kc]
< Y Pr{S =8, New > Ney-1,Vs € S, Touo1 > (A9}
cem],le[Kc]
<(1—B)+2mt?

Define A; ; = 2;}1‘;‘: (a random variable since T; ;1 is a random variable) and A, = max{A;, | ¢ € S;}. Define

Ccl _ 3Int
AT = \/ 20, (ACTY -

Let NV, indicate the event that the process is nice at time ¢t. Let F; indicate the event that the oracle fails to
return an a-approximation with respect to the input vector at time ¢. For any particular C' € U and [ € [K¢],
if {/\/t, -F,, S, = Sé’B,Vs €S, Tsi—1> 4y (Ac*l)} holds at time ¢, we have the following properties:

7u(Se) + F2ACY) >ru(Sy) + f(2A4) strict monotonicity of f(-) and Eq.(8)

>rg, (St) bounded smoothness property and Eq.(7)

2o - opty, -Fy = S, is an « approximation w.r.t f,

>a-rp, (S;) definition of opty,

>a-1u(S),) = a-opt,. monotonicity of r,(S) and Eq.(9)

So we have

rH(SlaB) + f(2ASN) > - opt,,- (33)
Since £, (A% = (1“16(1%’ we have f(2A“!) < ASL Therefore, Eq. (33) contradicts the definition of A,

In other words,

VC € [m]Vl € [Kc], Pr{N;, —F}, Sy = St Now > Neyw—1,Vs € Sy, Nyyoq > £, (A9} =0
= Pr{N;,~F,,3C € U,3l € [Kc], St = St Noyw > Neyw—1,Vs € S, Noy—1 > £,(A9)} =0
=Pr{3C e U, 3l € [Kc], S = St g, Noyw > Neyw—1,Vs € Sy, N1 > £ (A9}

< Pr[F, V-Ni] < (1= B) +2mt ™2

= > Pr{S=5bp Not>Noi1,V5 € Sp, Noyo1 > (AP} < (1 - ) +2mt >

CeU,l€[Kc]
The first inequality comes from Lemma 3. Last inequality comes from the fact that events
{St = 55’37 Ncit > Ngi-1,Ys € St, Ns -1 > En(AC’l)} are disjoint since for the cluster C' whose counter is up-
dated at time ¢ only one [ satisfies S; = SZC,B. O

Now we consider the bad super arms that are under-sampled when played. To simplify the notation, define
£, (A%) = 0. For a cluster C,



Laund C,l
> Newt-a
lE[Kc]

Z > IS =8t Now > Now-1, Nowo1 < (A9} - A
t=|U|+11€[Kc]

Z Z ZH{St = Slc,B,NC,t > Ney—1, N1 € (&L(Ac’jil),én(ﬁc’j”} At

t=|U|+11€[Kc] j=1

n l
S>> S =St Now > New—1, Now-1 € (bn(ADT71), 0,(AD)]} - A9
t=|U|+11€[Kc] j=1

S>> S =86 New > Neyw—1, Nowo1 € (Un(ADT7), 6,(AC9)]} - ADY

t=|U|+11€[Kc] j€[Kc]

Z Z I{S; € Sc.B; Now > Noyw-1, Neyw—1 € (ba(AS77), £, (ACT)]} - A
t=|U|+1j€[Kc]

n
=Y > Sie€Scm,New > Nea-1,Now-1 € (La(ADT7), 4,(A97)]} - A9
JE[Kc]l t=|U|+1
< Y (Ua(ADY) = £, (A9 - ACY
JEIKC]

=0, (ACKN)ACK: 4 3™ 4, (ACT) . (ACT - AT
Jj€E[Kc]

Ac,l
<L, (AGEHACEKe / O (z)d. (34)

AC’,KC«

Last inequality comes from the fact that £,(x) is decreasing. Notice that by our definition, for clusters that

€ [m]\ {C | AY,, > 0}, the counter N¢ remains one after the initialization. Since they do not contribute to
any regret, we have Ko = 0 for all these arms. Combining with Eq.(32) and Eq.(34), the overall regret of our
algorithm is

Re.gﬁ,a,,ﬁ’(n)

I, Lund :
<n-a-f-opt,— |a-n-opt, —E Z ACT ¢ Z(ch#f+Ncun) ACH
ceu 1Ko

AC,I
A |m+EL > NG+ Y (Ac’l+/zn(A°*KO)AC*Kc+ /
CelU,le[K¢]) C|AC. >0 AC.Ec

Zn(x)dx> —(1-p8)-n-a-opt,

AC,I

™ C,K C,K,
S<3+1> 'm'AInax+ Z (én(A ’ C)A ’ C+/

C.K
C|AC. >0 atRe

min

&Ax)dm) .
The theorem follows directly. O

C. g,-Greedy algorithm

Unlike CUCB algorithm, e4;-greedy algorithm exhibits the combination of exploration and exploitation more
explicitly. In the t-th round, with probability ¢; the algorithm performs ezploration, i.e., chooses an arm i
uniformly at random, then select an arbitrary super arm S € S containing i; with probability 1 — &, the



For each arm ¢, maintain variable fi; as the mean of all outcomes X; ,’s of arm ¢ observed so far.
n<0
while true do
t«t+1; e < min{T,1}.
With probability ¢, choose an arm ¢ uniform at random, then play an arbitrary super arm S € S containing
i; with probability 1 — e, get S = Oracle(fi1, fi, - - -, fim)-
Play S and update all ji;’s
7: end while

>

Algorithm 1: &4-greedy algorithm with computation oracle

algorithm performs exploitation, i.e., uses the approximation oracle to choose a super arm. As t grows, the
probability of performing exploration decreases so that the regret can be bounded. See Algorithm 1 for details.
Note that if an arm ¢ has never been played, fi; could be any arbitrary value.

The appeal of the e;-greedy algorithm is its simplicity and match with intuition. However, as shown in the
following theorem, in order to have a theoretical guarantee on the regret bound, parameter v needs to be set
appropriately and it depends on A, and function f(-). In constrast, the CUCB algorithm does not rely on the
knowledge of A, and f(-), and thus CUCB is applicable to more settings in this sense.

Theorem 4. For any constant ¢ > 1, define v = 3mmax{2 (c+1)-(f~ (%))_2} In n rounds the
(a, B)-approximation regret of the e4-greedy algorithm using an («, ,8) -approzimation oracle is at most

('ylnn +3-¢(c)-m+ 73) Amax,
where ((c) = Y., & is the Riemann’s zeta function.

Recall that the definition of A, is

Apin = a - opt,, —max{r,(S) | S € Sp}. (35)

Proof. Let R;; be the indicator for the event that ¢ was chosen to e:cplore in the ¢-th round and N;; be the

number of rounds that arm 7 is explored in the first £ rounds. Set ¢ = zX-. For simplicity, we assume = is integer.
We have:

E[Nin] = ;]E[RM] = ; e_o-1, Z 2T > 30 +A = dr =1+ 3pIn(n/y) (36)

When n > ~3, (36) is at least 2pInn + 1. Now let X;; = R;; — E[R;;]. We have E[X, ;] =0, |X;| <1, and

n

- 3¢ 3¢
Selx) =3 (1- %)% <somn
t=1 t="~y

By Bernstein inequality in Lemma 2, when n > 72, we have

t=1

>plnn| <expq — " (Inn)*/2
- > BIXE ]+ k(plnn)/3
2 2
©*(Inn)*/2
< _
_exp{ 3plnn+ plnn/3

3 3
_ e—%aplnn — " 20% < n=¢.

In other words, Pr[N;; < ¢Int + 1] < ¢t~° By union bound, Pr[3i € [m], N;; < ¢Int+ 1] < mt~°. Let P,
to be the indicator of the event that in the ¢-th round, all the arms have been played for at least ¢Int + 1
times. So, Pr[P, = 0] < mt~¢. Set ¢, = _ (etlnt < ¢Int. Note P; = 1 indicates for every arm i,

()Y

Ti,t Z Ni,t Z Lplnt—f— 1> Zt.




Let I; be the event that we choose a bad arm S; € Sg in the ¢t-th round. Let Y; be the event that the action
taken in the ¢-th round is exploitation (not exploration). Let F; be the event that the oracle failed to produce
an a-approximate answer in an exploitation round t. We have E[F; | Y;] <1 — .

We have,
> HLy= Y ([, -V} + {1, V})
t=~3+4+1 t=~3+1
= > e HL|-Yi}+ > KLY}
t=~3+1 t=~341
<qylnn+ Y KLY}

t=~3+1

Consider the second term.

n

> LY}

t=~341

< > ME.Yi}+H-F LYY
t=~3+1

<A=Bm =)+ Y. (-F, L, =P, Y} +{~F, L, P, Yi})
t=~3+1

<A=Pn+ > (mt° I | ~F, =P, Y} + {=F, I, P, Y;})
t=~3+1

g(liﬂ)n+€(6)m+ Z H{_‘Ft;Itaph}/;ﬁ}
t=v3+1

=1=Bn+{(e)-m+ Y -F,Y,S €8p,Vie[m], T > b}
t=~3+41

We claim that
PI‘[{ﬁFt,Y;,St € Sg,Vi € [m], Ti,tfl > ft}] <2-m-t“

We now prove this claim. Same as in the proof of Theorem 1, let 7T} ,, be the number of times arm ¢ is played in
the first » rounds; let fi; ; be the value of fi; after arm i is played s times, that is, fi; s = (22:1 X;,;)/s. Then,
the value of variable fi; at the end of round n is fi; 7, ,. By Chernoff bound in Lemma 1, for any i € [m],

[2Int + Inlnt
Pr [mi,nt_l—mp % <t-2e 2mt-Inlnt <oy )1, (37)
it—1

Define A; ; = 4 /21121;'_"7:??”. Define E; = {Vi € [m], |11, ,_, — | < Aj}. By union bound, Pr[-Ey] < 2-m-t~¢.
Let A = ,/Qhﬂtgiglf‘m. Notice that when Vi € [m],T; ;—1 > {;, we have A > A? e max{A;; |i € [m]}.

Let i, = ({7, 1>+ fbm,T,, ,_,) De the random vector representing the estimated expectation vector at round
t before calling the oracle. Then, when {E;, ~F},Y;,S; € Sg,Vi € [m],T;,—1 > £, } holds, we have the following



properties:

Tu(Se) + 2f(A) > 1, (Se) + (1 + a) f(AY) monotonicity of f()
> 1y, (Se) + af (A" bounded smoothness property with E;
> a-opty, + af(A") —F; = S; is an « approximation w.r.t ft,
> (ra, (S5) + f(AY) -« definition of opt,,
> a-ru(S;,) = a-opt,. bounded smoothness property with F;

These above inequalities imply that when E; holds, we have
ru(S7) +2f(A) > - opt,.

2Int+Ilnint

Since ¢; = (f—l(m))% we have
2

278 =27 (17 (%52 ) = A

With 2f(A) = Apmin, Eq. (38) is in conflict with the definition of A, in Eq. (35). In other words,

Pr{E;,~F,Y;, S € Sg,Vie m], Ti -1 > i} =0=
Pr[{=F,Y;, S =57 ,Vi€ ST US;, T;p—1 = s;}| <Pr[~E] <2-m-(tlnt)~".

Thus,

n

> I}

t=1

E

n
<Y 4 ylnn+ (1-B)n+Clc) m+ Z 2-m(tlnt)~!
t=vy3+1
<V +ylnn+ (1—F)n+C(c)-m+2minlnn

That means, the regret is at most:

gl

< (P +ymn+ 1 —=B)n+3-¢(¢) - m) Apax — (1= ) -n-a-opt,,
§ ("ylnn+3<(c)m+'}/3) Amax~

Regiaﬁ(n) <n-a-8-opt, — (n ~a-opt, — Apax - E
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